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tyl)ically  lllo(l”~llt of as tjlle “liolls-1 loycc” of 1 ;llysical sys-
tmns modclillg,  stcad~-state lIlodcls of alycbraic  cxpla-
tiolls  arc lmlctllclcss IItll)ortallt  for conducting  various
coln}ndlmlsivc  cllgillmillg al~alyscs of  smlsitivity,  pcr-
forlnallcc  cst,illmtimls and ]Jrcvclltivc diagnosis.

1]1 t h i s  ImlKIr, wc tic togdllw not)iolls  o f  olma-
tiolmlizatioll,  ordcrillg, al Id aggrcgat,ioll of dcl)c]ldcn-
cics to Constructj IIicrarcllical  fccdlmck dccompositiom
of steady-state, l(llt)l)(:(l-l)  al:llllctcr, algcblaic  equation
Inodc]s  of l)llysical systcllls, ‘Illis cl(2cotl11)c)sitic)ll  allows
us to select aIId slwcify at, a]) :Il)st)ract  level tllc nature
and lnolmrties  of 111(,  algoritlll]ls  govmlillg  Ilow itldivi&
ual cquatimls  arc! IIll]llcrically solved. WC illustrate an
a}~}~licatio~~  of this tccl~niquc fm a Iwo-]dlasc ammonia
tllcml~al colltrollm  ]])odcl  and furtflcr  show that tllc rc-
su]tillg  silnulatiol)  Illodcl is  lwt,tcr, faster allcl cl]caper
tllall  Collvcultiollal  siltmlatiml  tec]llliqucs  and well-kIIowIl
cquatiol]  solving algorit,lllns rcvicwc(l  ill tllc literature.

1 Simulation as model
{)])c:ralriol]al i7,:\t)i{)]l

As a ~ll:itllclllziti(”al  IIloddillg  lJNCCSS [Aris, 1978], co~l-
struct,ill,q siltlulat,ioll ltlodc]s of a JJlysical Systcln has ill
rcccllt  years  Iwcll st,rcallllill(!d t]lrough  autolnat,ic  tdl-
IIiqucs for collstruct,i]lg  lnodc]s [Nayak, 1993;  k’alkcn-
llaillcr  and I’orlms,  1992], silnulatiol)  l)rograms  [Alnador
ct al., 1 993; F’orl)us  and 1~’:ill{c:llllaillc:r,  1 992] and cliag-
IIostic Systmns  [Iliswas slid  Yu, 1993]. 111 tl~is l)al)cr, wc
focus 011 constructi]lg  sil]mlatio~l ])rograltls f o r  stcady-
stat,c Illodcls. ‘J’llis lJrolJlcltl l)as a IIlislcadil]g  collccl)tual
siltll)licity:

Givml tllc al~rl)raic  cqlmt,io]ls dcsc)ibillg  a
skady-st,atc l]lodcl al]d IIu]llcrical  v a l u e s  for
constant and illl)ut, lmralnctcrs,  find nulncrical
values for tllc ]Ilodc,l lmallwtms that SOIVC the
nlodel cquatiolls,

‘1’llc I)M)IJCIII strolls fmlt] tllc lack of a good gcllcral-
lmr])osc Ilulllcrical  {!quat,ion solving algorit,llm [Prms et
al., 1 992]. ‘J Ylercforc, Col)struct,illg a good siltlulatio~l
lwogralll oft,ml il)volvcs a lot of ~nllllrrical analysis work
to ulldmstalld  tllc lll:LtllC!IlliltiCal ])rolmtics of tl]c cqua-
tiolls  illvolvcd aIId collstrud a comwl)ollding  equa t ion
solver. III this IMI1)C]) wc al)lmoacll  tllc task  of collst,ruct-

i~lg a silnulatiol]  II I(KI(L1  as a form of ol}clati[)llalizatio~l,
mllphasizing  1)(’lfollll:(ll((’,  validity, and explainability:

Gi\m a sot of algcl)raic  cquatio~ls, l)roducc  a
valid, lligll-l)clforlllallcc  C prograln  which CO1ll-
I)utcs nulncrical solut,io~)s to these cquatiolls.

Sccti(, n 2 defines oul al)lm)ach  tl)is problc~n as a ncw
kind of (mlcrillg  alllollp,  l)aralnctcrs  and cquatiom. Next,
Sm. 3 (Icscribcs  lIOW to II Iodcl fccxll)ack. Empirical r(:-
SUltS al (’ SUllll IliiI’i7,C(l  ill Sec. 4.

2 Algebraic or(lming

~’o cffici{mt]y reaso]l almut  the lmssiMc ways to construct
a sil nul; jtion lmgralll for a givcll set of algebraic cqua-
tiolls,  w,’ define the Ilotioll of an dgchic ordering graph
that, cal kurcs  lLOW cacll l)alalnct,cr  o f  tl~c lnoclcl algc-
braicall~  dclmlih ml tllc values of ot,llcr mode] l)aram-
ctcrs  Viii the al~cbraic  ~tlo(lcl cquatiolls.  our notion  of
algebrai(: ordcrillg  1 wars close rcscnblallcc  to the conccptl
of causal ordcril lg :1s dcscri]  ml in Nayak’s thesis [Nayak,
1993] or IJcvy’s  l)otion of rclcvancc  wlIcn al)l)licd to mod-
clillg [IJm’y,  1993]. I’h(sc  tllrcw IIotiolls  of ordcrillg  share
in colmI  IOII a llatura]  I (j)rcsclltatioll  wl]crc  an equation,
E: I’V = 7LIU’, WWUIC1  yield tllc f o l l o w i n g  l)aramcter-
cquatioli  gral)h:

0!1

where wlgcs indicate t] I at all equation call causally dc-
tmllillc a givcll lmra]l~rt,cr (Nayak’s smisc), that a pa-
ralnctcl  is  relcvatlt fol tllc l)url)oscs o f  colnI)uting  an
cquatio]  I  (Lcwy’s SCIISC). }Icrc, wc distinguish bctwcml
tllc fad that all c!qutitioll  cquatim talk bc used to com-
lmtc  a luwamctcr  value (slIowJl  below ill solicl cclgcs) and
tllc fact that all cquatiml  IJc!cds other l)aramchr values
to pcrfol m such COII l~mtat ions (shown Mow in clashed
Cdg(!s)
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‘1’l)is allows us to distinguish several ways to llulflcri-
cally co]lllmtc  1 mraloc!tcr  values. W7c say that an cqua-
timi c call dirccfly  cmlstrai]l  LIIC value of a paraloetcr p
wllc]l  c is algebraically solval~lc  with rcslmct  to p. (;oIl-
vc!rsc]y, wc say that all cquatiml  c indirectly constrains
the valm of a lmralnctcr p when c is ]lot algebraically
solval)lc  wit,]]  rcslwct  to ~). U’or exaltl})lc, t,llc cquat,iol~:
~ = W catl dircxtty  cmlstraill  y for a givcm x sillcc there
is a ulliquc value of y wllic]l satisfies this equation. ~on-
v(!rscly,  ttlis  (!quatim]  illdircctty  colM,rains  2 for a ,givcm v

Naturally, it, is l)rcfcral JC to CO]IIIN1(C  all ]mdc]  paraln-
ctcrs  tllrou~ll  dirccl  collshai} Ilt)cllt,. IIowmwr  it, is not
always l)ossiblc to do so. Globally, tllc ccntll)inations of
]mssib]c  dirccl  a]ld illdircct  collstraill]ncnt,  rdat,ionslli]m
alnollg  l)aralllctcrs  and equaticnls  lead to five cliffcrcnt
outcoll]cs,  tllrcc for lmratoctcrs  and two for cquat,io]ls:
1 ) A l)araltlcter  loay Ilot, l)avc ally cquatim]  directly con-
Straillillg  it,; WC! say it, is under  co?wtraincd  because  its
solutiol] value IIlust, bc guessed as tllcrc  is no way to
directly  collllmtc  it. 2) WllcII a lmra]nctcr  is ctircctly
constrained  by exactly OIIC cquatio]  I, wc say it is prop-
c7’ly c:07M17r~i7Lcd I)ccausc its va]uc is ul]alllljiguously  co]n-
putcd  ly solving a unique  cquatiml.  3) W’l]cll lnultiple
Cquaticnls dircxtly  constrain ttlc salllc l)aralo(!tcr,  wc say
it is omr co7Mlfnnz7Lcd  Im.ausc  tl]crc is no guarantee that
all such cquatimw  yield tllc saltlc IIulllcrical  value ul]]css
otllcr  l)aralll(!ters  of these cquaticms call lx: adjusted.

Sillcc all cquatiml  ca71 cnlly Im solved with rcspmt to
at Illost OIIC lmralllctcr,  there arc o]lly two I)ossiblc  out-
COIIICS. 1 ) A]] cquatio~l  of ?t l)araloctcrs  which co]}strains
a Sillglc l)ara)  tl(!tcr  is  said to bc p7”op(!7’lv const?’ai?Lcd:
.givc]l n – 1 k]low]l  l)araltlct,cr  values, t,hc last onc is coln-
lmtcd  by Ilulllcrically  or algcl)raically  solving the cqua-
tioll.  2) All equatiml  of 71 l)aralllctcrs which  cons t ra ins
I1O ]M1l’alnctel is said to lx: mm?’ co7Lst.mz71cd:  I,hc!rc is 110
guaralltcc  that the 7/ va]u(!s found for cac]l l)aramctjcr
satisfy tllc algcl)raic  equation  ll]]lcss so]nc of ttlc l)aralo-
ctcr  values call 1 )C adjushl.

We l]avc cst al)lisllcd a validity test for a given set,
o f  Cquatiol)s and l)arall}(!tcrs  wl]icl) dctcrltlillcs  whcll a
global set of ilidircct  and direct (ollstlaill]ll(:llt  rclation-
sl]il)s  is solvable (SCC ~11. 4 ill [I{ouquctjtc, 1995]). If all
l)arallmtcrs  and cqu:it,io]ls vwre 1 wopcrly collstlaillal~lc~,
tllcll  a bil)artitc IIlatcllillg al)proacll  like that of Nayak’s
would suffice to cstal)lisli  a valid order of cmnlmtatiol)s.
1’0 account  for ]mssil )Ic over and U1 Idcr collst,railllllcllt,,
we d{!fillcd aTL cxtc]ldcd  I)ilmrtitc  IIlatchillg  algoritlml
wllicll c]lsurcs that, wiclI c:isc of  mu co~jstrz~i[ltllcllt,  i s
I)alallc(!d  l)y aII adequate ]]u]nlm  of adjust,aldc  undcr-
collstraillcd  l)araltlctcrs  tllcrcl)y  resulting ill a valid, colIl-

putable ordering.
Like Nayak’s causal ordming  algorithm [Nayak, 1993],

Alp,oritllm 1 constructs  a Ilct,work  flow graph  F to match
paramckm  and cqllat ions (Stcl) 1 and 2). Step 3 crc-
atcs  pat 11s bctwccn  s and t for cacll cxogculous  parame-
ter.  ‘1’lln kcy diffcmlcc  wit,ll Nayak’s algorithm is in the
Collstmctiou  of l)atlls  corrcspollcli~lg to t,llc possible coll-
strainltlcnt rclatimudlil)s  a]nong cquatiom and parame-
ters:  If an cquatiml  c~ call prolmly constrain a paralnc-
tcr f),, t }lcn tllcrc  is a lmtll: pi -+ c~i’CCt + Cj in F (St,q)
4), Fo] cacll cquat,ioll cj, if p, E l’(ej), then there is a
path: ~J, + c~’’’c”c” + r,? to allow tllc possibility that cj
lCfCrCn(C!s ~)i (St{’])  4), I’hl’ttlcr, since all flow paths have
unit cal)acity, tl)c set of all paths pi -~ C$irect + Cj and

,il[dilect
J)z  + (J –-} Cj fo] all p,’s allcl CJ’s arc mutually cx-
clusivc (cit,her (j l)lO1m’ly  constrains f)z or Cj indirectly
col)straim  p,).  ~’llis l)lolmty collfcrs to a maxiloum  flow
the mc:,lling of a I)il)artitc  Inatcl)illg  l)ctwccll ttlc set of
cquatio)ls  slid lmralactcrs  (step 5). Finally,  ttlc results of
tllc! mal cllitlg ale USC(I  to define tllc rcfcrmlcc ancl con-
straint cclgcs of IIIC algelnaic  ordering: them is a rcf-
Cl(’llc’c  t Klgc froll]  a 1 )alall Ictcr ~jz to an cquatioll  Cj i f
pz C l’(cj) CxC(,])t \vll(!ll r~ ])lO])Clly  constrains f)z, (i.e.,

‘I’’c’t  + C7 is ill tllc solutjio~l),  ill which case therep, + Cj
is a co] lstraillt edge fmo ej to f~z. It follows that, when
cvc!ry ntnl-exogctlous  ] mra]octcr  is prol)crly  constraillcd,
then tllc algebraic or(lcrillg t,llus constructed is identic-
al to a causal orclcrillg  cust, ructccl by NTayak’s algorithm
as long as caclt cqllat iml has a ldausi}jlc  causal inter-
pretation. l’llis prop(’)  ty will l)cll) distinguish t)ctwccn
physical and algcl)raic  fccdhack IOO1)S  later OH,

As all cxalnl)lc, wc co~lsi(lcr  tile following hypothetical
set, of algcljraic  c,quiit,iolls:

c!x~ : (“’xogcllous(r~)
C7 : ,fj’(];,l j,}+) = ()

c~ : .fs(l+,,l’s) = o
111 act ual circutostal]ces  with li~nitcd analytic solvabil-

ity or IIl[)clclcr-illll)[)sc(l  mstric.tiolw,  tllerc may bc no l)cr-
fcct matching  lwtwcml  equations atld l)ara~actcrs,  Such
is tllc c:isc for t,llc lilnitatiolls  of analytic solvahilit,y  of
l’ig. 2 Jvhich l ead  tllc cxl(!]idcd bil)artitc matching  al-
gorithm  to lmoducc all actual ordering which features
t~t~ollll(lcr-collst laillcd  ]mralnctcrs,  15 and }’4, and tllcir
collcsl)(j]lclit)g ()\~er-collstlaillc(l  ccpations, CQ allcl c4.

Intuit ivcly, t,llc cxt cll(lcd bipartite lnatclli~lg algorithm
prcscnt,cd above colol)illcs tllc idea of using a perfect
matchillf,  bct,wcm cquat,imls and I)aralnctcrs  as the cri-
teriafol \~ali(litly  btltall()\\,sl )otll[li)cctatl  clillclircct,col  ll-
putjatiolls. Collstraillt  edges of tllcfono (c, p) rcprescllt
direct c[mlputatio]ls  whcmby the value of p is coml)utcd
by c as a fullct,iml of so~]lc argultlcllt,s, Rcfcrcncc  edges
of the fl]rlll  (p, r) can lm scm as itldircct  Collll)ut,atiolls



llll)ut: A j,aral,)ctcr-e[]liatic,ll  graph  G = (V, A )
—

oatJ1llt: A  ])rcclicatc:  I1}IM(c, ;J) dCfi IICd for c E 1; aIICl p c J’(c).
1 ) (hate ii ne twork  flcnv graIJl  II’ = (l~j, Af).
2) Vf = V U{c’’i’’’t,’;’’’’i””t  I c c M} U{s, f}

(s d]]d { arc rcsj,cctively t,l,e sc,urce and si,,k vertices)
3) Af == ]’f LJ h’j WIICW:

]’f = {( S,7,) I;J ~ ]’} U{(f,,  fl’l,),  (m’),, f) II)  E ]) A  C’XO~(”,,,)llS(  ~))}

Each ]Rth of tllc fol”ln s –> p + Crp -+ t
for aII  cxogcIIoas  IEwaI~Ictcr  p haq unit flow cal,acity  al]d ZCI,U COS1.

L;f =- {(r’’i’’”’, r), (Ci’’’’i””, c), (e, f) [ c E h;}

4 )  ‘J’llc Cclgcs Imtwmll cacll J)j iilld tllc C :i’”’t WI(I cy’’i’”” vcrtic{s  arc dcfiIId

lJy tllc cdgcs of tlIr ])arallictcr-cc]llatic)l)  gta})l, accordirlg  to IUICS lmlolv
‘]i’e Ct aIICl cj, stands for Cjwl)crc cjC sl, allds  for Cj i,, dire. L

Algoritflll~ 1: l+;xtcILdccl bil mrtitc  matching for constructing  all al~cl)raic  ordering.
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Al)l,ly a lnitlillluln cost, maxilnuln  flow algori[llln  on II’
WI ICIC tlIc I1OIIXCIO  transl)i])]ltcat  nodes arc:
tllc SOUICC,  s, wit], b(s) = [1’] a],d LIIC sif,!i, 1, with b(t)  ❑ . - 1/’].
if J(s, f) < [1)1 tllcll  rdum 0
1 )cfitle tl,c ])rcdicatc  h’llA40  fro]n t hc ]naxi],,  u]o flow, i,o},olop,y  as follows:
J;llM(l’,, c,J, illclirc>ct)  holds i[l j(ll, rj’’[’’rect)  = 1
l;l;AI(l’~,cJ,clircct) lIolds ifl ~(1’~, Cj’reCL)  = 1
I{ CIUIII J; JIA40

-. .-
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Figure 1: Rxal]l]dc illustrating the validity of an actual
ordcrilig  as all cxh]dcd forl[l  of l)il)artitc  lnatching  solv-
able with collvclltiollal  IIlaxilnult)  flow algorithms. The
tcqmlogy  of tllc Iilaxilllulo  flow is il]dicatcd  with bold
arrows. All edges IIavc unit, cal)acity.
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Figure ?: Algebraic or{lcrillg for the 7-equation example.

whcrebj  the value of ~) is Collstraillcd l)y c as long as c is
not dimtly collstjraillitlp, solnc other  lmramctcr.  1]1 tcmns
of lnatcllillgsj  this  olm’rvatioll  allows us to characterize
the actllal  valid orclcrillgs  that arc valid as tllosc  wllicll
llavc a lwrfcct llmtcllillg  lmtwccll tflc set of l)aramctcrs
and cqo ations  WIINW (1 ircct  and indirect forms of com-
lmtatliol L arc  allowed, pigurc  1 illustrates this idea for
tflc above cxaltll)lc. ‘1’llc fi~urc snows a ~mrfect  lnatch-
illg (bold arrows) lwtwxwl  I)aralncicrs  and ecluatjion con-
straints and rcfcrcllccs.  ‘1’hc lmrfmt  matching of F’ig. 1
corrcslJ(Mlds  to the dasllcd,  lmxecl cclges of Fig. 2.

JVc )low am facccl wit]]  tllc t a s k  o f  comtructitlg a
l)roccd~l rc to co]])]  )utc all of tllc parameters of a model
it] Illalll]cr collsistcllt, \vitfl tflc algebraic orclcrillg found
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Figure 3: ‘lllIC cval)orator  100I) of tl]c Ilxtm]al-Active
I’llcrlllal  ck)llt!rol Systclll.

f o r  t h i s  )Ilodc].  If tllr algclmaic ordcrillg  gralh were
acyclic, this task would h quite silnlde but, arl~itrary  di-
rected  gral)lis can l]avc cxl)ollmkially  many cycles. ‘1’llc
lmxt scwticnl discusses l]ow ccrt)aill cycles have a physical
lncallil]g ill tl]c uotiml  of fccxlljacl<.

3  Fccdl.mck
h’ccdback is a~)ro~mrty of tile illtcr{lc:])cl)clclicics  amol]g
l)aralnctmx.  \3Tectll)tlllctl lisllotioll ill Sm. 3.1 andtllml
l)roc{’c(l toall;ilyzillgf  ce[ll~:lcltil)  Sec. 3,2.

3 . 1  l’aramctcr Jlcpmldm]cy Gral}h
~cfinitioll ] ( A l g e b r a i c  depcndc!ncy)  A paro?rlc:fc?’
p’ dcpcILds  O I L  f), ILolcd (M[ ~) w f/, i[[ Ihclc mists an
C~7LdiOlL C SllCh  that 1) ~ ]’(C) (3rd 1)’ ~ I’(C] (i. C, ~) (iTld

~)’ QI°C J)iL1’lW[!t.CT’S  Oj C) ~lld

Ellflf (p’, c, illdircc.t) V I;lJA4 (?)’, c, direct ) holds,

lima]]  froln Alg. 1 that EllA4(p,  c, direct) lIOICIS  lm-
cisely for  all equation  c ~ 1; al]cl a l)aralnctcr  f) E 1’(c)
wlmL tllc value of ?) will lm cmu~mtcd as a closed fomi
mqmessioll  of tllc r(!ltlaillillg  l)araluctcm  of c. This is
ill contrast to JjllA4(?~,  c, illdircct)  wllic]l 1101cIs  f o r  a n
oquatiml  c E 1’; and a  l)aratnctcv’ 1) C l’(c) wl]cn c i s
all algcl)raic  cxnlstrailtt  o]J tllc lmssiblc  values that p can
llavc.

TIIe dclmidm]cy  digra]dl Gd = (I’d, Ed)  corrmpond-
ill,q to al] algclmaic ordcri]lg  digr:i] h G ’ z, (\/ =
1’ U E, ,4’) is ddi]l(!d  as follows:

●  l’d = {?) I l) E ~’ A ‘1  {’XO~C!llOUS(?))}

●  VI),I)’ C ]’d, (j’),  ~)’)  E Ad i f f  ~J w p’

I’m Ilotatio]l  collvmlimlcc,  wc say that p ** p’ wl]cn
tllmc  exists a scqIlc]Icc  of lmrmllctms,  ~) = f~l , . . . . p,, =
IJ’ SUCII  that

?) =- f), + ~)~ . . .?),,. ] + p,,.

A S  all illustratiml (~xiiltl])l(!,  wc  s h o w  in h’ig 3  a
scllculatic  diagralll  of tllc  (’~rill)OIEltOl’ 100]) of a two-l )llasc,

ExtcrllitI-Activ(  “1’l)cr]ll:d  C;o]ltrol  SystclIl (EAT~S)  CIC-
sigl~ccl  [it McI)cmIIcll  1 )oug]as.  I,iquid ammonia captures
hCat IJJ’ C!ValWatiOll  fl 0111 hOt SOUMCS (C!.~., CIC!W  Cahill

and clwhonic cquiImicM) ancl mlcascs  it by conclcmsa-
tion to cold sinks (e.g. dark space). TIC vcmturis  maint-
ain a suflicicntjly large liquid amlnollia  flow to prevent
colnpletc  val)olizatioll  zil)d sul)crllc!atillg at  the cwapo-
raters. ‘1’hc Ill’’Ml) l)lllnl) orchestrates the actual heat
transfm  bctwccll  t llc t WO-I  )Ilase  evaporator return and
th(! Coll(l(!llscl 100]) (Hot shown).

Pig,ul c 5 shows tllc 1 )arwncter  dcprmdmlcy gra])h  for
one o f  the EAq’~S 1) Iodols  lmoscmtcd  in [Rouclucttc,
1 ~~~]. ‘J’llis mode] IHIS  55 l)aralnctcrs,  18 of which arc
exogenous and tllc rmllail]illg 37 arc to 1-w solvccl with
rcs])cct to 37 cquatimls.  A brute-force approach to sim-
ulati)lg  this lnodcl wmuld  consist  in solving the 37 equa-
tions  for the 37 ullknow]l  lmraluctcrs.  A~nl~iguitics  and
the illllcmlt incflicicl(cy  of this ~wocess make this ap-
Imoach  Iuldesiraldc, \Vc seek to mformulatc  this brute
fo~cc al)lwoacll  iuto a lmttcr,  faster  a]ld chcapcx siluula-
tioll algorithm  l)y al)stractiltg  each fccxlback loop into an
cfficimlt comlmt atiollal  Ill)it.

If the paralu(!tcr  d{! ImIdcncy  graI)ll  were acyclic, pro-
ducing a simulation IJrograln  wou]d bc greatly siml)lificd:
WC coul(] walli tllc gral)ll ill l)readth-first  Inallncr  and gell-
cxatc tilt’ silnulatioll  l)ro.gral]l  froln tllc equations thus cm-
countmd.  lJnfort  u] I at c] y, d(!lmldmlcy graphs arc often
cyclic dllc to fmdback.

3,2 }1 icrarchical Feedback Decomposition
IIlt uitiwly,  feedback occurs  whcnl there exists at least
t w o  l)alamctm I) and Ij ill tflc dc]x!ndency graIh Gcl
s u c h  th:]t  p +“ p’ ii]ld ])’ W* 1) lIOIC1 ill Gd. Fcmlback i s
dcscrilml  by valious  tcmus in various Scimltific clisciplincs
and cllgincnrillp, fielcls. ‘1 Imm such as closed-loop circuit
(as opINm!d  to all olmlL-lool) circuit,), circular depclldell-
c.ies, cloml-lool)  co]it ml,  circular state dclmlclmlcics,  and
state or control fmdh(k arc comluon]y usccl. IIcrc,  we
follow SOHIC  basic ideas of systcnn t,llcory [1’adu]o  and Ar-
l~ilj, 1974] and collccpts  of col~lwctcclllcss  of graph the-
ory [Fhxm,  1979] to clistillguish two tylm of fccxlback
structun,  s, na]ncly state allcl co~ltrol as sllowll ill Fig. 4.

l’igur(!  4: @ll lcxt ilrity of state a~ld c o n t r o l
loops

fecclback

In a S( atc fcmlhack loo]),  fcmlback i~llmt paramctms,
~, affect tllc fccdl lack (mtlmt, l)aramctcrs,  y through a
forward circuit,. II] a (Iclmldcncy  graph, WC will have:
J Q* ~. l’hc  hcliwald 01 f[!ccll~acli  c i r c u i t  i~l turns
luakcs tlic illlmts  :?: dcl)c]idcnt  on tllc out]mts  y, o r :
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acllicvcd tlllmcl )y crcatillg  all algebraic 1001).



~ -+” T. A  co]ltrol f(~(dl)a(Ji  1[)01)  i s  sit]]ili~r to a stat,C
f e e d b a c k  1001) for (Jllc diflcrmlcc that tllc fccdlmck  cir-
cuit (usually tl)c co]ltrollcr)  looks at both  the irll)uts
t: and tllc outlmts ?) to dctcnninc the ncw inlmts,  i.e.,
1:, ~ -* 2:.

For exa)nldc,  tllc structure of tllc l’;Aq’(~S  sl)owcd ill
I’ig. 3 is a tyl)ical  case of a hydraulic stale fccdlmck  loo~).
Fccdl}ack call also occur  at tllc al.gclmaic  ICVC1  w i t h o u t
ally l)llysical closed circuit, ilwolvcd. 11] tlJc case of the
EA’I’CS,  this occurs  duc to a colllbillatioll  of I)lodclillg
clloiccs  rcsultill.g ill circular dclmldcmcics.  l“or cxa~nl)lc,
l’ig. 6 illustrates tllc lIy(lICJ-tlIcIII1al illtcrclc])cllclcl)cics  ill
tllc IM’1’CS vmkuri  and cva]mralor  legs which ccnnl)inc
to create all al~cbraic  feedback 100]).

3 . 3  Opcrationa]izing  I&dlmck
Excq)t for dc,g(mcl’atc  Cas(!s , a feedback loop must bc
solved iteratively for it corrcslmnds  to a syst,c]n  of Ar z 2
cxluatiolls ill A’ U1L1OIOW]1  l)araulctcrs  Ol)tilnizing  tllc so-
lution  quality al)d its cc)llll)lltatioll:il cost requires human
i~ltcrvclltioll: wllicll cquatliou solviug t(!clllliquc  s h o u l d
bc used for a givml  fccdlmck 1001)?  which illdcpcmdcnt
subct, o f  l)aralnrt,crs  IRS ol)tlilnal convcrg,c!]IctI proper-
ties? Wllilc cllgillccrs  slid nulnclical  analysts arc able to
address sucl]  issues, tll(! task of deciding on the dccom-
l)ositioll of tll(! clltirc  ]l)odcl into comstitucllt  f e edback
1001)s  is collll)ztlati~(’ly  nlor(!  diflicult.  our  al)l)roach is
a two I)IHWC l)roccss. h’irst),  wc :Illto]]latically  abstract
the l)aral]lct{!r  dcl)(!])dc])cy  gral)ll of tjllc ]]lodcl  equations
ill tcrllls  of  lli(:):ilcllictllly ]lcstcd fccdl)ack  1001)s.  ~’]lcn,
wc lnwscllt  this al)stract structure to tllc modeler WIIO ill
turn slmcifios lmfcrellccs for cmlstl  uctillg  au cquatim
solvm for each fccdl)ack 1001),

Tllcomtically,  idc]ltifyillg  fccdl)ack ill all a r b i t r a r y
graph  is all N1’-c.oltll)l(!t,c l)rol)lc]n. l’ortunatc]y,  lumpccl-
I)aralnctcr  algchaic  Inodcls of physical systems arc tyl)-
ically slmrsc (due to lullll)illg) and have a low degree
of collllcctivit,y (I)ccausc lnost  l)l]ysical colnl)oll(!llts llavc
lilnitcd  illtcractiolls  w i t h  IIcigllljor collll)ollcllt,s). Gml-
bitled with  t,llc fact  t h a t  ]Ilost Ilm)-lnaclc  dcviccs arc
often cllgillccrcd  with closed-lool) col]trol dcsigl]s,  it is
quite colIltnolI for tllc corrcslmudillg  dclmlltlcncy grap]]s
of Such ltlodcls to lw (1(’co]lll)ostil)lc”  ill tcrlns  of feedback
1001)s. lmtcad of dcsigllillg  a llcuristic  lnograto  of ull-
lil)owll  calml)ilities,  wc constructed cf[icicllt  and systcln-
atic algoritl)llls  Imscd 0]1 edge and vcrt,ex scl)arat,ors.

3 . 4  IImaking fc!cclback loops a p a r t ,

A strollgly-collll(:ct(~(l coltll)ollcllt  IIlay cmltain  s eve ra l
Collllcctcd sul bcolIIl mlc]  Ls illtcract<ing in co]]lldex ways.
A s  each collllcctcd  s[ll)-collll)ollcllt”  lt]ay corrcsl)oncl  to a
fccdlml loo]),  idclltifyillg  tllc cmlstitucllt  fccclback loops
of a dclwlldcllcy  gral)ll tllcrcforc  bcco]ncs a IIicrarcllical
graph  (Iccollll)ositioll”  lwol )Ic]n.

At SOIIIC ICVC1, wc I]CCC1 a criterion for idcntifyin,g  the
lmilnitivc forllls of fccdlmck, ]IaII)cly  state a]ld control
100J)S. I;VCII  [Ev(!]l , 1979] calls a set of (!dgcs, 7’, an
(o, h) cdf)c scfmmtor  if every dircctcd  ])atl, from o to b
l)asscs tllrougll  at least o]lc cxlgc of 2’. Given a stro@y  -
C.ollllectc(l co] Iq)oll,cllt,, collsidcr  ]low searching for the
slaallcst Y’ SUC1l t,llat, rclnovill~  T’ Inakcs tllc colnpo-
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k’igurc  i: Minitllal (to],) versus one-step lookahcacl (bot-
toln) edge scl)aratm  and tllcix corresponding structural
(lccollll)ositiolls. ‘J’llc Ilcstcd dccolol)osition  i s  inade-
quate  Imcausc contl)utillg  v m a k e s  v] and 1)2 intcrclc-
pcnck!nt

ncllt  ul)[omcctcd or I)rcaks it into two or more strongly-
ccmncct~d  sul~cc)llll)c)ll(])ts.  I~or  a .givcll pair, 0, b, wc call
suc]l  a sllbsct  1’ a oI/c-step opti~nal  edge  separator. 1 k’ig-
ur(! 7 illllstratcs tllc (q)tiltlality  of such scpatators for the
purl)oscs of Lrcakil)g almlt a stlc)llgly-co~]]lcct,ecl  colal)o-
ncllt  .

With a l)olyllc)lllial-tiltle algorithm for finding onc-
st,cl) optimal cdg,c sc]mlat ors (See [Rouqucttc,  1995, CII.
6], wc can no~v dcscril )C how to hicarchically  dccom-
p o s c  stl c)~lgly-cc)llllcct(:cl colnlmllcllts  ill txmns of feed-
back 1o(,1)s.

W c  l,ow llavc illtl oducccl suflicic~lt m a c h i n e r y  to
pr(!scnt  1 hc clccoml msitioll slid  aggregation of dcpcndcm
tics (DA D) algoritllln,  A]g. 2. Succi]lctly, this algoritllln
sol~ws t 1 [C feedback vcrt cx l)roblc]o  for algebraic dcl)cli-
dcIlcy gt aplls by analy~itlg  tllc efrccts o]l collnec.tivitly of
rmnovi]lg  ollc-stq  ) lm)kallcad oliimal cclgc! scl)arators.
Figure  8 will llC1l) to il]ustrat,c  this  analysis  of scpara-
bi]ity: 1 l]c f i rs t  coluTIIII  SIIOWS tllc cflccts  of rclnoving
al] edge scl)arator,  tllc Iniddlc colutnn snows the graph
—————.

] OIIc- stq) bccausc  w(, II)ake a si]lgl(! mlalysis  o f  h o w
rcmoviilp, 1’ af[ccts  1 II( stroIIg  co])llcctivity  o f  tlIc givcll
sul)gra})ll.
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l’igurc  8: I ‘ossiblc

st,ruct,urc  lwior rcllloval
tllc actual S(CIM of  tl)c
nladc.

(Iccoll]l)c)sitiol)s  of Alg. 2.

and tl]c right  colulnu refers to
algoritlllt]  and tllc collc.lusiom

Givml a  ,yal )11 G = (~~, A )  ,  \VC  M1:IIJVC’ the [!f-
fccts of rclllovillg  all ol)tilllal  edge sclmrator  71 (s teps
1  al]d 2) .  G’  mrrcslmlds to a siull)lc fccdhack 1001),
Fcccllmck(G  ,scI)=? ’), wllc!n G“ = (V, A – 7’) is ]m longer
conllcckxl  (stcl) 3 and 4). Su])lmsc  illst)cad that mJlov-
illg 7’ at stcl) 2  d i d  IIot, l)ltali  tll(! cmulcctivity  o f  G
which lnealls  that, CCS has, say, ?I strc)l]p,ly-co~]llcctecl
sill)-coIll])ollrllt!s, (:(;]  , . . . . CC’,,. Chic lmssibilitly is that
7’ is lmrt,  of a set of edges wllicll Illakc all Coml)ollcmts  Of
C(2S illtcrml]lcctcd togctlicr  sillcc G it itself strongly
conllcct,cd.  IXymldillg  oll wllctllcr  tllcrc  is only onc sul)-
colnlmllcnlt,  or smmral, wc llavc tllc two cases of step
7. ‘1’llis lmsil)ilit)y  call l)? easily tested by rclnovill.g all
edges of every colnlmllcllt  ill CL’S (stcl) 5) mld vcrifyiug
that, tllc rcsldtillg  gra])ll is ]Io lmigcl conllcctcd  (stcl) 7).

Altcrllativc]y,  7’ call l)c tllc scl)arator  f o r  solnc
stro]lgly-co])ll(:ctc(l  s~ll)-cc)llll)o~l(:llt, RCC, of G  w h i c h
loads to two Subcascs. If all cd~m of G b(!long  to either
I{G’C or so]])c other collllmllcllt,  wc llavc tllc situation
of stcl) 8 WIICIC ally two sill)-(ol~~l)c)llc~lts of CC~S share
at, most o]lc cdgc2 ill such a way that) G is colmcctccl.

If tllcrc is at, least ollc edge wllicll dots llotl belong

‘If two CO II I] JC,IICIItS  cl aIId C2 slIaIcd  two or IIIOIC vertices,
tlIeII tlIcy  wcmld l)CI  ])art  of a larger cmlllcctcd  collll~ollcnt c12.
‘1’lIcII, c12  would  Iw lmrt of CC’,$ wllilc cl and C 2 woold  IIot.

to ally mnlponcllt  of  (YC~S  or to RCC’, thcm w c  llavc
the situfltion  of stcl) 9 wllcrc 2“ in fact separated a sub-
cmol)olltmt RCC l)ut Ilot the WIIOIC  gra]h. III such cir-
culnstal  I CCS, DA]) abst tacts each sul~-colnponc]lt as a
vertex  al Icl scarchcs  for aTI olAiu\al cclgc separator 7% a t
the abstract lCVC1. m L(V), all edge separator for G in-
dcl)cndcllt  of the s~ll)-c(]llll)()~lcllts  is cxtractcd froln the
base-lcwl edges 7’o t]lat dcfi]lc ~;.

Note t hat the I) AI] illgoritllln  is rccursivc  sillcc each
strol@y- conncctcd  sul )- collll)oncmt, of G is further dc-
colnl)os(d.  Notice that \vllctl tllc one:-stcl) looka]lcad op
t,iulal c(lqc scl)alator  lJIoduccs tllc clIll)t)y set (step  1 and
10) or lvllcn no (Ic(:c)llll)ositioll  cau be lnadc  without loos-
ing the (mll]cctivity  at tllc level of the s~llj-collll)ollcllts
( s t ep  9), tllc DA]) algorit]lm  dots not dccoml)osc  tllc
graph  at all. 1 n su cl] cases, t,llc corresl)onding  equa-
tions of the dq)el]dcucy  gralh will llavc to bc solved si-
lnultallcously  as if t] lcy wclc iudcpcndcnt  algebraic con-
straints. If I)AI ) lnauagcs  to rccursivc]y  dccomposc  the
graph  il Ito stll~-collll)(lllcllts uutil  the lowest level sub-
Colnl)oll(:llts  arc blOliCll al mrt,  tllc rcsultin.g llicrarchical
dccoml)osition  tree l)rovidcs a comlnltational  fralncwork
to solve sul)scts of cqllat  ions simultaucously  aucl iutjc-
gratc tllr results of cac] I cquatio~l  solvil]g  process to ol~-
tain a global so]utiol 1.

For il Iustratjim, h’ig. 9 snows  the 2-lcvc1  f e e d b a c k
struct!ul  c! of tl Ic 01 Ily Stl’ollgl  y-comlectc(l  Compollclltj
foullcl ill tllc ~)aralnct c~-dc})c]ldc]lcy  gral)ll of tllc EAIICS
shown ill Fig. 5. Sillcc tllr hierarchical clccollll)c)sitio~ls
DA I ) nl akcs may not  correspond to tllc modeler’s pcr-
sl)cctivc about fecdhack 100]M, wc designed a hierarchical
l)lcfcrcl ICC matc]liug  al~,oritl)m to guide t hc construction
of the fit Ial cclllt~tioll-sf:~ll’illg program based 011 the mocl-
clcr’s  ki iowlcdg(,  al)(mt I dlysical and algcl~raic  feedback.

3 .5  1  [icrarchical  l’rc!fcrcncc M a t c h i n g
Sillcc tllc DAD algoritlll)l  automatically abstracts a dc-
pcndcn( y graph  into a llicarclly  of feedback 1001)s, wc
could stop here and usc this  result to construct a siulula-
tio]l program. 111 fact, tllcrc  arc  colnpclliug  cllginccriug
rcasolm  to iuvo]vc! t llc IIiodclcl: First, it llclps to vali-
date tll(’ ol>cratiollali~atioll  process at the abstract level
o f  fcccll)ack  1001)s  not  only to co]lfirm  the lnodclcr)s  a-
Ij710ri  cxpcctatio]  R about what feedback loops ought, bc
fouud l)llt alsc) to dispcll al)y l)ossiblc doubts the modeler
may have al~out tllc cxistcncc  of a given fccdl~ack 100 I).

SCCOI  )d, fccdl )ack 1 )mfcrcllccs  lmovidcs  tllc Inodelcr
with tll{: al)ility to fil]c-tulle how a particular feedback
loop will bc siu]ulatcd  i]lclu(ling  tllc choice of tile equa-
tion algorithm used, t Ilc choice of tllc: pa~alllcte~s ~ls~d
to nlonit,or convc]gcn(’c  and the calculation of tllc iuitial
solutiol ] cstilnatcs.

111 tll(’ mode] {I(:collll)c)sitic)ll of Fig. 9, the inner vcm-
ttlri/c\:llJoratc)l fcc(lback 1001) (I~IJool)l  ) is, l)y default,
structul ccl with P 1 aud f 1 as fccdl)ack iul)ut  and output
parall}ct,crs.  III fact, ot llcr ~)aralncters  of tllc feedback
could lx’ used illstcad  as lmig as they truly arc vertex sep-
arators.  lu tllc follmrillg cxalnplc,  wc sl]ow  a matclliug
prcfcm ICC W1lCIC tile fccdl~ark  illlmt  has been rcplaccd
by the l)aramctcrs:  rl Iiq aud rlVap.

FLoopl ( id  1)



1111)111: ~; = (V,  A ) ,  a slroIIgly-coIIIIcctcc] di,grap}l

out])llt: ‘1’}Ic  IIicrarcllical  fcccllback  tree ( 1 1 1 ’ 1 )) dcco]llpositio]l  of G

1 ) l,ct, 1’ I,c a OIIC-SLC}J  ol,t,il]~al  cd,gc  sc],arator  of (;; ltctoIII:  Colll~,l{:xI,’ec<  ll,ack(Cj) if !/’ = 0.
2) I{ CIIIOVC  7’ frmn G’: A = A – 1’
3) IJct CJC7S = {L’L’I , . . . . (~(~,[ } I)c tlIc  rc]nai]li]lg stro]]gly-ct,]lliectccl CC, III] JOIICII1,S of G’
4) I{ CLIICII:  Fcc(lL,ack(C;,sel,  =7’) if L’L’,5’  = 0.
5) [~(~,$ # 0: l{c,l,ovc  llIe cdg,cs  of cacl,  co] II],olIcIIl ill (2’6’S aIId Icslorc  tlIos(  of 1’

A =- A UY’ - (uCCcc,eq  A(K))
6) IA l/C~L’,5’ I,c tlIc rc]nail;llg  slIoIIgly-coIIIIccLecl  COIIIpOIICIItS  o f  G

7 )  l{ctolll:
{

Aggrcgatc(CJ,sc~,  =.7’, co]l~l}=u,CcC,c,s I)AI)( c c ) )  i f  ]{~~~~,$ = O A ?L > ],

Nestillg(scl)=7’, c(,lll~}=l)Al)(  C~Cl)) if ](<J[J,?  Z- f) A 71 = 1.

t+) (hcv’c’,  JK~[J,$’ llllls~ ]laV,! O]lly CIIIC COIIll,CNIC1lt,  ~f~;~;)
l{ctIIrII: Aggregatc(CJ,scI~  =7’,colll~]=UCCE  c,c,q IJAI)(cY  ))) if Ad - A(l~L’C’) = (3.

9) (tlIcIc  arc cx(raIIcous edges a,,{l vcrLices  besides (~C’S al,d RCL’)
Al,sttact  tllc co]Illm]]c]Its of C’C’,S  and I{(7C tack into a ]lcw,  unique vertex
l,ct E’ =- (V, X) I)c tlic resulting  gtal,ll; let (Z7;$ l,c tlic S(I oIIgly  COIIIICCLH1  co]]l])olletlts  of F.

-..
l{ CtIIIII:  Colll])lcxFeccll>ack(CJ)  if C’C”S =: 0.

10) Sil,cc  C7’ is stmIIglj coIIIIcckd, tlIcIc  is only onc  co] Ill,olIcIIl, i.e., C~C,f’ := {C’C’}
..> - . .

1 A ‘R I)c tlIc ol)ti]l]al  edge sc]~arator  of EE

lictorII:  C~ol)l~>lcxl~’ccclt,  ack(CJ) if ‘Tc; == VI.

1,ct 7 ‘({ c Ad l,c  tllc  I ) a s c - l e v e l  e d g e s  corrcsl)olldilig  to ‘~c; .

]{ctIIrII:  AggrCgate(CJ,SC],  =7’0,COII11>=(UCCc ~,c,s  ]) A])(cc), l~Al~(h’C(~)))

L 1

Algoritl]ln  2: I)AI): l)ccomposit,io]l and Aggmgatim  of l)clmlldcncics
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A :.”.. .



;; s p e c i f i c a t i o n
:structure : state
: inputs ‘(#[rlLiq]# #[riVapI#)
:Outputs ‘(#[Pl]#)

]) AGGI:l{ will  usc t]lis Slx!cification a s  ]ollg  a s  it
matches OIIC of tJIIC fdl mck 1001)s  it fou]ld. ~’llc match-
itlg criteria used co~lsists ill verifying that tfLc tllc lmo-
po.w!(l il)l)uts all(l out,] )Ilts  ill’(! Vcl’t(lx  scq)arators for tllc
fCIXll  )a~li 100]).

ODcc tllc Inatclling  is successful, the rc]nailling  lmrtj
of  tllc sul)ldicd ]wfcrcllcc illforlnatioll  is USC(I  to focus
or chanfy  tllc way ill wllicll tllc actual ccl~latioll-sc)l\’illg
code will 1 w gcllcratccl.

FLoopl ( id  1)
;; operat ional izat ion
: type
: input-es t imators

: convergence-parameters
: convergence-threshold
: convergence-method
:max- i tera t ions
:max- t rans i t ions

W]ICrC convergence-method

:physical
‘(#[Return +

WILoad/2/WIDesign]#)
‘(#[Pll# tt[Qll#)
0.001dO
:mathC90-dnqsol
40
.1

CIcfilles  t he  IIulncrical algo-
rit)]lln to k used and tJIIC otllcr  attril~utcs  (Icscrihc  slJc-

cific lwolwrtios  of that algorit]lln.

4  Coml)arison  ofcqual,iol~ solwxs
1’01 t h i s  exlwrilllcl)tal  collll~arisoll,  we cl]osc  tflc Imt
c.onll)ilmtioll of IIlodclillg assullll)tions  for the EA7’CS
and used tllc lwst  Ilulllcrical  equation  so]villg algorithn]
wc had availal)lc  [I,aw’soil ct f71., 1994]. P’or  this coln-
lmrisoIt, wc’cc)ltstlllctt’{1  tltlc(>c’(]ll[~tioli solvers: a lmte-
force ])rogralll Imcd on solving tllc 37 c!quations  w i t h
rcsl)cct  to tllc 37 IIoll-(:xogel)ollsl) :il:lll]ctcrs; an intcrnle-
diatc solver, wllicll SOIVCS  tllc 24 cquatiol!s  of tll(! ulliquc
st,rollgly-cc)llll(’cte(l colnlxnlcnlt,  with rcsl)cct  to their  24
lloll-cxogcllolls  l)aralllct(?ls( S(\(!l’’ig.  10); anclallierarclli-
cal solver, structulx!d  accoldillg  to I) AGGIX’S  f~~dba~k
clc:collll)ositic)ll.

Since ]) A(4(41;I{ structures all cquatioll  solver llicrarclli-
cally ill terlns  of (I(:cc)llll)ositl)lc”  fc’cdbacli I(wl)s,  wc Ilavc
taken  a(lvallta.qc  of all ilnl)licit, (Iilllcnsion  reduction  gcn-
cratillg  tllc Sililulatioll code. Eac]l state fC(Xll~a~li  100IJ
of tllc! fol’1 11: ?j := f(a) a]ld 0: = g(y) call IN r e s t a r t e d
as :1 fullctioll:  .7: — g(f(:r)) = O wlJmc x is tllc ol)ly  U I I-
1<I1OW1I l)alalll(!t!cr. For tllc l~NIUS  (Iccolnl)ositioll  shown
ill Fig. 9, this l)araltlcter  Sul)stitutiol]  tcc]llliquc  yiclcls a
clralnat)ic (Iiltlcnsioll  rc{luct,ioll  as shown  I)c1ow:

$&~~Fl?=:

Nuv)lbcr  o~par<)lncicn<
IIcforc  clccolll])ositioll” Afkr  dccolll],osition

_—-— —. 1 ..–—— .-_——J–-– ———— .. ——.—–——.

1/01 cxaIm)lc!,  1“1,00])1, tl]c fccdl)ark  100]> for th(! first
\~(:Ilt llli/(:\~;il)c)r:ltJc)l lcg i s  rcdllcc[l frolll 1 0  cquatiolls
(EQ18, EQO, EQ22, EQ23, Eq24, EQ25, EQ30, EQ32, EQ34
and EQ35)  into  a ltlacro  function  of only OIIC illl)ut, tll(!
cstilllatc of PI as sllowli ill jwudc)-coclc  I.w1ow:

on th< paramet  cl vdl II f’s. +
(“

End

F’igurclo:  Strllctllltc)f tllcitl tcllllccliatc:c( 1llatiollsolvcr

double residually .  ..double xII,  double res[] ...)
{
PI = xIO]; /* use  the  current  es t imate  * /

/* f r o m  P1 c a l c u l a t e  fl */
i f  (EQ20-testo) EQ20-txueo; e l s e  EQ20-falseo;
EQ180 ;
EQ25 () ;
i f  (EQ30.-testo)  EQ30.trueo; e l s e  EQ30_falseo;
i f  (EQ34_testo)  EQ34-trueo; e l s e  EQ34_falseo;
i f  (EQ35_testo)  EQ35-trueo; e l s e  EQ35_falseo;
i f  (EQ32_testo)  BQ32-trueo;  e l s e  EQ32-falseo;
EQ230 ;
EQ220 ;
/* f r o m  fl, c a l c u l a t e  t h e  r e s i d u a l  a s :

Pl(actual)  -  Pl(computed  f r o m  fl) * /

res[O]  =  CEQ240;
}

l’llc iltitial  cstilnat(:  of PI is conll)utccl at 10% o v e r
the rctllrn  pressure, P1-eturn,  an Cxogcllous l)aralnctcr.
I’llc otl[cr fc~cll)acl< 10[)IM  arc autolllatical]y  c]lcodccl ill
a Sinlilar Inanncr.

Figulc  11 shows a series of IJlots clescril)ilig  a sck of
20 simulation st atcs  gcllclatcd  from a colnl)illation  of all
Itk’MD INiIm) slow C1OWIJ (1’ig. I]-a), a sucldcn  vmturi
clog (Fig. n-b), and,  toltl:tlf(!l llattcrs~}’ orsc,all catload
incrcas(  (1’’ig.  II-c).  IIccall t h a t  wc arc llotj sinlulatillg
the (Iyllanlic  resI)onsc  of tllc K;ATCS to tllcse  allonlalous
colldititms.  i n s t ead ,  WC alc sinlulat,illg a llarclcr l)rol)-
lclll tllilt  WOUI(l oc,cul if tllc’sc allo]nalics  would e v o l v e
slowly (WC1 a lon8 l)criod of time  allcl Ilcar stcacly states
w o u l d  l)c obsmvcd tl)roughout  until  a sudden brcal<-
down. Each of tlIc tllmc  solwxs co~nputed a full state
lmccliction star(illg  froln Illc nolnilla] exogenous colldi-
ti(~l)sa ltclccll)y ~lMc,tor, Phil, and WIPower.  l’llcrcsicl-
ual cnwm of each Cqllatioll solver  is  sliown ill l’ig. 11-
(1. Altllougll  it N’0111(1  sccvn that all tllrcc  so lve r s  yield
co~ltl)alablc sollttiol] accuracy, tftc brute-force all(l intcr-



mdiale solvers {lid I]ot  co]]vcrgc  for tile last 6 slates
wllcre tllc initial sol~ltio:i cstill)atc  (37 and 24 lJaralnc-
Icls reslwctive]y!)  is 100 fill’ frolll tflc actual soluticnl.
For all States Wllc’lc coIlvclgcllcc pl’olk!lns (Krulrc!(l, 100
[:(lllatioll-sol\~illg cy)isodcs  were made  b e f o r e  giving u1)
OII tl)e solution (1’’ig. 11 -c) wllilc ‘1’hc llicrarcllical  solver
Inallagccl  ill al] (’ilclll]lsttlllccs to co]lvcrgc  on a solution
ill a l~]l]arkiibl(~  6 or 7 ctl~l:~tic)ll-s[Jl\~illg i]lstanccs.  ‘lkaus-
latcd  ill tcrltls  of tilt]c slmllt, we sce cvcw strollgcr  (liffcr-
cllces ill I“ig. 1 l-i since tllc l)rutc-force solver l]alldlcs
3 7  equatiol)s  and lmralllctcrs, t l]c i~kcrlncdiatc  solver
24, and tflc llicrarclliral  solver 1 for tllc t(q) -lcwcl  fccd-
1 mck loo]) all(l 1 for eac]l of tllc two lower-lcvc] fccclback
1001)s. [)tfler  (Iiflerellces  s n o w  u]) ill tflc actual  siltlula-
tioll results, ‘1’lle colnl)illatio~l of tllc venturi  clog, tjhc
siglliiicallt  l)UII]lXXI  slow (Iowll  and tllc significant, heat
load illcrcasc  calwcd tllc I;A’I’CS to ovcrllc!at for a ladi

of liquid allll]lollia  mass flow to Iralmfcl  all of tllc llcat.
1’llQ lmllavior  of tllc ltlodcl ill this  rcgioll is extremely ap-
l)roxilllatc  I)ccause this is all all[)lIlillollS  colldit,ioll;  tllcrc!-
forc, o])ly tllc relaiivc  order  of ]nagl Iituc]c of tllc results
SIIOUIC1  lx: used, IIot, t,llcir act,ual values. Alonctllcless,  wc
note  tllatl tll(! l)rut(-force cqualioll  solvw fails to detect
tflc ovcrllcatillg  col]ditioll (’1’1 well al mve  70 degrees) as
sllowll ill U’ig. 11 -f. ‘J’llc liqllid/vapol  ratios  lwwlictcxl  by
tllc tflrec solvers arc identical (See l~ig. 1 l-g), wlli]c tile
flow rate I )redicliolls  ar(, solnew]lat  illconsistcmt, for t,hc
1 ,lu{c-force equat  ion solver (See k’ip,.  11 -II).

‘1’llis (!xlwrilncllt lwillted  out, tllc IICCC1 o f  c a r e f u l l y
choosing all initial  lmralllct,er  cstilnatc fol lticrarcl]ical
plol)lcm solvers. Altlloug]] it is true of every equation
solver ill at tllc qua]ity  of tllc solutions ol~taillcd  is limitccl
l)y tlm quality of illitlal  cstiltlates,  this rule applies even
lnorc to IIicrarcllica] 1 )rol)lc]]l  solvers. IIldmd,  inadequate
Cstillmtles call siltll)ly sidetrack tllc l]icrarcllical  equation
solver i~l ways were it, cannot  scarcll other  alt,enlat,ives.
‘1’lic cxlhllatiol)  st,cllls  frolll t,flc fact, t,liat, a Imut,c-force
cquatio]] solver IIas lax g,uidallce and is tflcrcforc  aljlc to
scarcll a ]tluc]l larger  ]maltlcter slmce tllall  a llicrarchi-
cal solver wllicll lms strong  guidallcc  and a InuclI  sIIlallcr
l)arallletcr s]mcc  to scarcl I. ‘J’lIcse  diff’crcnces  arc indica-
t i v e  of tra(l(!ofls  faltliliar  ill llulllt’rical a]mlysis. II) tl]at
l’CS])(Tt,  1 )A(; Gltli :I1]OWS  t]l(: IIlode]cr to ]Iavc  a IIIOIC int-
uitive Iltlcle]st:illcli]lg  about  what, is Iwillg traded:  a llicx-
arcl) ical structure of l)llysical or al~cl~raic feedback 1001)s
against  tlie luxury of scarcl]illg  a large l)aranletcr  sl)acc.
For IIlodcls  of IIy(llc)-tll(:rlllo(  lylliilllics, it is often fruitless
to scarcl) large  lmralncter  sl)accs 1 )ccausc tllc nun]bcr  of
illclclwlldcllt lmrallletcrs  is quite  Sllla]l.  ]) AGG1tli  I’cprc-
sc]lt,s OIIC st,e]) towards colwtructillg  a class of equation
Solvcw wllclc tl]e ]mla]tl(!t(:]  s])accs lmillg search arc close
to tllc Slmce of ill(l(:l)(’11(1(’llt, lx~ralllcters.

‘J’lIe  c’xl)elilll(’llt:il  results collfirln tllatj using a llierar-
cllical (Iecc)llll){)sitioll  a] )] nwacll for t:(lllatiol)-s[)l\~illg  l)ro-
(Iuccs  faster  all(l l)(!tter results for tllc }’:MI’CS. 111 Otllcr
cx}milllellts  wit]] tl)esc tllrcc  solvers, we ILot iced that, the
hicnarcllical  al)l)roacll is cmlsist,c]kly  more: cflicicnltj I,flau
tllc other two al)l)roacllcs.  llowcvcr,  tflc diff’crcllccs  in so-
lutiol) accuracy arc ltlorc varim1, solnctilncs  Letter a]lcf
sol net iltles worse. 1 II this  work, we used autolnatic tccll-
Iliqucs for rccogllizillg  and al)stractill~  fccdl)ack  loops for

tllc task of solving al!,(l)raic  equations. ‘J’llis rcsultc!cf  ill
fastcrj  I ,ctter,  and cllcal )c1 simulat)ioll  I)rogralns  trading
a llarro\\r scarcll base (f(ww itldcpcndcllt  I)aralllcicrs)  for
greater collll)llt:tt,ioIlal efficiency instcac]  of tllc conven-
tional  al)l)roacl)  c]laractcrizcxl by a cc)llll)~ltatiollallJ~  ex-
pansive  and broad  scalcll  l)ase (all equations versus alf
paranlclcrs),

‘1’hc ] cscarcl~ dc!scril  ml ill this I)aper was carried  out
in lJart ljy tllc b~al)utcr  Science Ilq)artlncnt at the U]li-
vcrsity  of Soutllcrll  California and by tllc Jet l’repulsion
I.al]ora{ ory, California IIlst itute of I’eclillology,  ullclcr a
contraci  witfl tllc Natio~lal Acrollautics  and Space Acl-
Illillistl:itic)ll.

llcfem!nccw
Au~adol  ct al . ,  I  ~~~t] 1’. Alnador,  A.  l~i[ll:clsteill,  and

1). 11’eld.  Rea l - t i l l l c  s(lf-c:xl)lallatory  sitllulatioll.  III
l’rocccding.s  oj  IILC. h;lcvcnt]L NatiolLal ~onfcrclLcc on
Artificial ]TliCl@W(. 2’]lc AAAI  1’lCSS,  1993.

Aris, 1!)78] R. Aris, Mai.hcmatico,l  Modclirlg  l’cc]Lniqucs,
VOIUIJIC  24 of ]k!sc(LI (’}L 71O[CS ifl Tnat]Lc?Tmtics. I’itlnall,
1978.

[Iliswas  and Yu, 1993] G. lliswas  a]ld X. Yu. A formal
lnodc]ing Scllcmc fol continuous  systcnls:  F o c u s  o n
diagnosis. 111 171t(:1’Tl.(l tiOILOl Joint  ~onjcI’cILcc  on Arti-
ficial  ITltClligCTICC!, l)ap,m 1474-1479, 1993.

[~’h’cl},  1979]  S.  ~vc],, ~J’7a~,/1 Alg07it.lLT/M. ~o]nputcr Sci-
ence I%!SS, 1979.

[Falkml,aincr  a,ld F’orl,us, 1!392] 11. I’alkcnhaincr  and
1<. Fl>rbus.  (;oml)ositiollal  modeling of l)hysical sys-
tclns.  111 1). Faltillgs  slid  P .  Struss,  editors,  Itccc7Lt
Advo]/,ccs  in Qu[Llitotivc  l’lLysics.  Mlrl’ Press, 1992.

[Forlms  and l~alkcl,l)ail,cr,  1 992] K. Follxls
slid 1). Falkcnlllaillel, Self-cxl)lallatory  sinlulations:  in-
tegral  ing qua]it at iv[ and quallt  itativc Iulowlcclge. III
Il. ~altings  allcl 1’. Struss,  editors,  I/ccc7zt Advonccs 271

Qual~tativc  l’hysics, M1’J’ l’ress,  1992.

[I,aMm*,  ct al., 1994] C. l,awso,),  P’. Krogllj a~)d V. Sny-
der. L!ath77  and  ][liitl]~90,  ml. 5.(): I,ibrarics  of lnatll-
elnat ical suly)rog]  al[ls fol forlran 77 and c. Technical
RCI)OI t JI’1, 1)-134 f , ltcv.  I), Acfvancccl Conlputing
Al)l)lications  Groul), 1994.

[J,[!\;y,  ] 993] A. h!Vy. lrrclcva71cc  Itcaso7~ing  i7L K710u11-
cdgc IIascd S?ysic7/Ls. I’111)  tllcsis,  l)q)artmcllt of Com-
puter  Science, St allford lJnivcrsity,  1993.

[Nayak,  1993]  1‘. Nayiik.  Auto? nafcd  Modeling of I’lLys-
icat S’ystcms.  1’1]1) tllmis, I)cl)art]tm)t,  of Co]nl)utcl
Scic]l<c,  1993.

[Paclulo and Arl)il), 1974] 1,. l’adu]o  slid LI. A.  Arl~il).
S?ystk/n l’ko7y. 117.1  II Saunders Co~llI)a~ly, 1974

[’rcss c1 al., 1992] 1 I. 1 ‘ress, S. ‘1’eukolsky,  W. Vettcrling,
at I(1 11. l~lalulery. NIi7/LC7i  C(Ll l{cci;Ics i7L G’. Cambridge
IJniwrsity 1’] CSS, 1992.

flouqucttc,  1995] N. llouquettc, 0JJ[:7atio71aliziTLg ETL-
girLcc7ing  Models oj .$’kx!dy-State Equations i7tto Effi-
CiC7Li  ,%711?Lki.i071  ]’7’0,1/l’(L7/ls.  1’]11) thCSiS, ])e]>t,. Of ~0111-
])utcr Scicllce, 1995,



Rlh!l>  h,>cd,  nh<<)[<)r  (mpu[)
3[()()  1!!,,,,  ,,

3( F)9

k
t, M,i, >, -.

M%

3[),)7
3096
3(W5

3[)94
3[193
3092
309 I
w)()~,,’f.  -–. ,!

Venturi 1 d,<mwrr, Ph81  [Input)
r, !,,  ,,,

Phil w,lhhnc,p,,m,  1:
5( I

45

4[)

35

30

25

2()

[5

II)

fv.ip,r.mrl h~,t!l<xid,  ~rl[>,,wer (input)
,,, , ,,, , ,

/

WI IMw,er  -.

(Lows

(1,049

(),()4N5

() [)48

(),(1475

II.(M7

00465

[),04(,

().(1455
. . . . . . . ...+. . . ...!.!

,.. . /“
.–A , . . . . . . . . . . . . , . . . .(),(145

(1246 x 10 12 1’!  16 18 2( I
i )Cll<k set c)

1000

( 1 2 4 6 x Ill 12 14 16 lx 20
1)<11<,  Sc[ b )

[1 2 4 6 K 10 12 14 16 18 2( Ia)

It’+ 10
0’,1<, SC(

f:v’,p<>rc,t<)rl (>~,[lc!  tc,,t,wr<tl,,re (n)
!,, ,, ,,, ,

blue-force -.,,’
inter  mtxhak  ;

bicwchic:tl  .
0

26[)
240
2211
20(  I
[K(I
I (>1 )
14[1
120
10(1
xl]
60
40

lb‘qiw...< ;

. . . . . . . . . ...+.
,. .!., 4 .,,,.

1 10(1

Ie-lo 10

. . . . . . . . . . . +“’””,— , , . . _.,_J_ . _ II
le20 ,,,, ,,,, , I ..1. .4-,  —.  ,.–  L——  L–, ,,.

[1246x Ill 12 14 16 lx 2( I
l) ’n<!  set f)

0 2 4 6 H 10 12 14 16 18 20
d) 1),,1<,  SC( (!)

0246 8 III 12 14 10 18 20
1)<,1’,  Set

(),5(K)

0450”

().4(M)

().35()

() 3[)()

I,v’lp<l[c,[,)r  I O,l!lcl  bqllidlv’,pol  1,11,,,  (Ql) Venm i
!,, ,

I fl[lu
()()7

[).068

(1.066

(1.064

(),()62

(),()6
. . . . . . . . . /

[).(15X  L ‘---–- L < ‘ -–L- ‘ -- 1
(1246x 10 12 14 16 18 2( I 0 2 4 6 8 1 0 1 2 1 4 1 6 ”  1 8 2 0

I ),,1’, WI i) Iklt:,  set

1

[),9

[) u

07

() 6

(),5

().4

,,

. . . .

.
E () ?50L.

O 2(K)
o 15[)
(1 I(K)

() 050”
[).( KM)

/

OIL. .-....,,,  .,
[ ) 2 4 6 x 11) 12 14 ){, lx 20

d 11.,(., wl 11)

Figure 11:  IIh]l])irical  colnlmrisoll  of t,lIc t,lIrce  equation sol~rcrs  for cxtcxnal illl)ut  collditiolus  (a-c). ‘1’lIc quality of
sdutiol]s  found hy ]) AGG1;l{’s  ]licrarc]lica]  so]vcr  am gmc]’a]]y  colllparab]c  to thoS(!  o f  tllc other  so]vcn.  q’hc f e w
Cxcel)tiolls wl]crc tl]c llicarcllical  solver yields llot,iccably  1 wt,tcv sol ut,ions t l]all tl]c ot,llcr solvers shows (hat given
iclcnkical  solut,ioll cstil]latcs,  an adcquatc]y  structur(!d  solvcl call out pcrforlll  a llc)ll-st,l~lct,llrccl, hlincl solver (a). ‘llc
cliffcrcvlccs among  t,llc tllrcc  solvers arc nlos~ visi})le in tcrlils  of t,hcil collll)llt,at,ioll:!l  costs (c): t,hc ILicrarchical  solver
clcar]y outlmrforlns  tllc two others by a wiclc nlargin,  As long, as :Lll solvers c.o]lvcrgc on tile sa]nc solution, their
Iwhavior  l)rcdict,iol]s  arc  statistically rquivalellt, (f-l]);  llowcvcr, onl~ tllc llicrarcllica]  solve] correctly I)rcclict,ocl the
Overllcatill,g (f) duc to illsuflicicnt  coolilig l)owcr (a-b) for the gi\wll  llcatl load (c).


